We calculate the equation of state at non-zero temperature and density from first principles in two-, three-and four-color QCD with two fermion flavors in the fundamental and two-index, antisymmetric representation. By matching low-energy results (from a 'hadron resonance gas') to high-energy results from (resummed) perturbative QCD, we obtain results for the pressure and trace anomaly that are in quantitative agreement with full lattice-QCD studies for three colors at zero chemical potential. Our results for non-zero chemical potential at zero temperature constitute predictions for the equation of state in QCD-like theories that can be tested by traditional lattice studies for two-color QCD with two fundamental fermions and four-color QCD with two two-index, antisymmetric fermions. We find that the speed of sound squared at zero temperature can exceed one third, which may be relevant for the phenomenology of high-mass neutron stars.
I. INTRODUCTION
Knowledge about condensed-matter properties of quantum chromodynamics (QCD) in thermodynamic equilibrium is required for the interpretation of experimental and observational data in cosmology, high-energy nuclear physics and the physics of neutron stars. While tremendous progress has been made for the case of high temperature and small baryon densities using direct simulations in lattice QCD [1] [2] [3] , much less is known for the case of small temperature and large densities. The reason for this shortcoming is that the so-called sign problem prohibits the direct simulation of QCD (which is an SU(3) gauge theory with n f = 2 + 1 fundamental fermionic degrees of freedom) at large density using established importance sampling techniques. While established techniques fail, several recent techniques have been studied that at least in principle could permit one to calculate thermodynamic properties from first principles in QCD at large density. These techniques include Lefschetz thimbles [4] , complex Langevin [5] [6] [7] [8] , strong coupling expansion [9] , and hadron resonance gas plus perturbative QCD ("HRG+pQCD" in the following) [10] [11] [12] . In this work, we propose a series of 'control studies' in QCD-like theories (in particular two-color QCD with two fundamental flavors and four-color QCD with two flavors in the two-index, antisymmetric representation), which-despite not corresponding to the actual theory of strong interactions realized in nature-have the advantage of not suffering from a sign problem, and are thus amenable to direct simulations using established lattice-QCD techniques. We then proceed to calculate thermodynamic properties in these QCD-like theories in one of the above non-traditional approaches (HRG+pQCD, Ref. [10] [11] [12] ), which effectively makes predictions for possible future lattice-QCD studies that can be used to validate or falsify this HRG+pQCD approach. Since two-and four-color QCD are qualitatively similar to three-color QCD, we furthermore expect the level of agreement between lattice QCD and HRG+pQCD in the two-or four-color cases to be roughly comparable to the three-color QCD case, thus offering an indirect validation of non-traditional methods for QCD at large densities.
The paper is organized as follows. In Section II we review the HRG+pQCD method and give the equation of state in pQCD by stating the pressure P as a function of temperature T at baryon chemical potential µ = 0 and P as a function of µ at T = 0. This section is essentially a compilation of what has been derived in the literature. In Section III we compute the HRG pressure as a function of T or µ. The former case is simple and is derived quickly, whereas the latter is derived in more detail, especially for the theories where the baryons of the theory are bosons. This section also contains an explanation of how the hadrons in the theories listed above are computed. Section IV contains a description of how we perform the matching between these two asymptotic equations of state, and in Section V we discuss our results.
II. PQCD EQUATION OF STATE
In this work, we are interested in calculating the pressure P along the µ = 0 and T = 0 axes in the theories (N, n f ) = (2, 2), (3, 3) , and (4, 2) with quarks in the fundamental representation (fundamental) and (4, 2) with quarks in the twoindex, antisymmetric representation (antisymmetric). In order to constrain the pressure of these theories, we derive the asymptotic behavior for both low and high T or µ and then match these behaviors using basic thermodynamics. At high T or high µ, the equation of state can be calculated using (resummed) pQCD and at low T or µ, the equation of state of the theory is to good approximation [1] [2] [3] 13] that of a HRG (a noninteracting collection of the hadrons of that theory). In the intermediate regime, the equations of state can be constructed by matching the high/low energy asymptotic behavior using the criterion that the pressure P must increase as a function of T or as a function of µ (see [14] ). More details of the matching procedure will be discussed below. Throughout this paper, Boltzmann's constant k, Planck's reduced constant , and the speed of light c will be set equal to one.
The high-T , pQCD equation of state can be calculated by following the equations and procedure of Kajantie et al. [15, 16] and Vuorinen [14] with the resummation modifications described by Blaizot et al. [17] (cf. Ref. [18] for a different approach to the resummed pQCD equation of state). We first define the following group-theory terms to be used in all future pQCD expressions:
and
In all of the expressions that follow, we let group-theory terms with a subscript R denote the fermionic group-theory invariants, which must be replaced by the corresponding fundamental or antisymmetric representation group-theory invariants above as needed. In terms of these group-theory terms, the pQCD pressure at µ = 0 in these theories can be written
Here, the P sb the Stefan-Boltzmann pressure given by
To 3-loop order, P hard is given by Braaten and Nieto [19] as
where Λ E is the factorization scale between the hard and soft modes, and α s is the strong coupling constant squared over 4π in the MS renormalization scheme at the scale Λ = (2πT ) 2 + (µ) 2 . This is given by [12, 20] 
where Λ MS is the MS renormalization point (to be set later). In all our results, we set Λ E = Λ and vary Λ about the aforementioned value by a factor of two (cf. the end of Section IV). Finally, P EQCD is given by
where
The T = 0, pQCD equation of state is more straightforward in the sense that resummation of the strict perturbative series is not required. The result is given in Ref. [14] by
where the sum is over all the quark flavors in the theory, µ f is the f -quark chemical potential,
f , and
with the constant δ having the value δ = 0.85638320933. In what follows we always set all of the quark chemical potentials equal to each other, so that µ f = µ/N b for each flavor f , where N b is the number of quarks in a baryon. Note that this means that some of the terms in (II.15) do not contribute.
III. HADRON RESONANCE GAS EQUATION OF STATE
The low-T pressure in these theories is given by considering the system to be a free gas of hadrons. Moreover, the statistics of the hadrons may be ignored, so that the distribution functions may all be assumed to be Boltzmann factors. In that case, we have
where here the sum is over the hadron spectrum of the theory; g i and m i are the degeneracy and the mass of the ith particle, respectively; p = | p |; and K 2 is a modified Bessel function of the second kind. The low-µ pressure can be calculated in a similar way, but in this case the statistics of the particles cannot be ignored. For T = 0 and µ > 0, the only particles that contribute to the partition function are particles containing no antiquarks, which we denote by B. In all the fundamental theories, these are simply the baryons, whereas for the antisymmetric theory there are more particles fitting this description (see below). As such, in this section we shall refer to all the particles in B as baryons. Taking the T → 0 limit in the fermionic-baryon (η = 1) or bosonic-baryon
where here θ is the Heaviside step function and r i = N i /N b , with N i being the number of quarks in the ith particle. This result is correct for the fermionic-baryon case, but this formula gives negative P in the bosonic-baryon case when µ > min i∈B m i /r i . This is because, in the bosonic case, a condensate of the ith baryon forms when µ = m i /r i . (This has been numerically investigated in the two-color case by Hands et al. [21] and analytically by Kogut et al. [22] in all QCD-like theories with pseudoreal fermions.) In fact, in the completely-noninteracting case it is nonsensical for µ to exceed min i∈B m i /r i . Since the hadrons in these theories are composite particles, they are not truly noninteracting, and we can have µ > min i∈B m i /r i . To make sense of this case, we consider the bosons as a (complex) quantum field Φ with a |Φ| 4 repulsive interaction. For simplicity, we consider each baryon to be an independent field, and we examine the case of a scalar field (degeneracies may easily be incorporated at the end). A single baryon then has the Lagrangian density (in the mostly minus convention)
with λ > 0. Following Kapusta and Gale [23] , we introduce a baryon chemical potential µr and explicitly factor out the zero momentum mode
where ξ ∈ R is a constant and the constant Fourier component of χ satisfies χ n=0 (p = 0) = 0. One may think of ξ as the condensate field and χ as the fluctuations about the vacuum state. We also write the fluctuations in terms of the normalized real and imaginary parts
In terms of these new variables, the Euclidean Lagrangian density becomes
where τ is the Euclidean time, L I contains interacting terms in χ (which we henceforth ignore), and
We thus see from (III.7) that for µr < m the state ξ 0 = 0 is the stable vacuum and (III.6) describes a system of particles and antiparticles of equal masses. However, for µr > m, the stable vacuum becomes
and (III.6) describes a collection of two particles with differing masses: m 2 1 = 3(µr) 2 −2m 2 and m 2 2 = (µr) 2 respectively. Because of the chemical potential, the dispersion relation of the latter is gapless, and Goldstone's theorem is satisfied. At zero temperature, the pressure is simply
This gives us the dependence of the pressure on µ, but we still have not set the coupling constant λ. We set it as follows. According to (II.14), we see that the Fermi-Dirac pressure for a quark in the theory (N, n f ) with representation R becomes
so that for a single degree of freedom (recalling that a fermionic quark has two degrees of freedom) one has
Thus, in order for P HRG → P fd when µ → ∞, we must have for a single scalar baryon
and so for a theory with bosonic baryons we have
A. Determining the hadron spectrum
For the three-color (N, n f ) = (3, 3) fundamental case, we use the real world spectrum of hadrons up to 2.25 GeV [24] . For the two-and four-color theories with two fundamental quarks and the four-color theory with two antisymmetric quarks, we determine the hadrons using group-theoretic arguments and Fermi statistics (in the case of objects composed of quarks only). We explicitly ignore the glueballs in these theories because they tend to be more massive than the lightest hadrons [25] . For the two-and four-color theories, we set the scale using the string tension √ σ and the relation between the string tension and the MS renormalization scale Λ MS given in Ref. [26] . However, the ratios Λ MS / √ σ given in the aforementioned reference are for the pure-gauge theories. To remedy this, we scale these ratios by Λ
(n f = 0), determined from Ref. [27] . These lead to the values
for the fundamental theories. For the three-color theory, we use Λ MS = 0.378 GeV, as in [12] . For the four-color antisymmetric theory, we were unable to locate a result for Λ N =4 MS (n f = 2)/ √ σ from the lattice in the literature. Since some of the group-theory terms for the antisymmetric theory scale more strongly with the number of colors than the corresponding terms in the fundamental theory, it seems reasonable to expect that Λ MS will scale differently with the number of quark flavors in the antisymmetric theory than in the fundamental theory. Moreover, it would be most accurate to view Λ MS / √ σ as a free parameter in our HRG+pQCD scheme that must be determined independently from the lattice. In light of these considerations, we have decided to use both the pure-glue value [26] 
and the previously-given value of Λ N =4 MS (n f = 2)/ √ σ that we use for the four-color fundamental theory for the four-color antisymmetric theory, with the expectation that the true value will lie somewhere near this range.
For both the two-and four-color cases, the mesons are taken to be the analogues of the flavorless mesons that exist in the real world (up to a mass of about 2 GeV) whose masses are written in multiples of the string tension σ SU(3) = (420 MeV)
2 . In the two-color case, we mainly use the analogues of the real-world mesons, substituting the two-color masses calculated by Bali et al. [28] when available. (We also note here that the µ-dependence of the two-color spectrum has been studied numerically in Ref. [29] and analytically in Ref. [22] , though we do not need this µ-dependence for our HRG+pQCD scheme.)
We now discuss in some detail how the non-meson objects in these three cases are determined. For convenience and as a summary of these sections, we list tables for all of the particles that we have included in the SU(2) and SU(4) cases in Appendix A.
Two-color case
In two-color QCD, the baryons are composed of two quarks with the added simplicity that the masses are degenerate with the corresponding mesons made from the same quarks [30] . Thus, the mass spectrum of the baryons is the same as the mass spectrum of mesons. However, there are fewer mesons than baryons, for there is an additional constraint imposed by Fermi statistics in the case of the baryons. Since we may view the two massless quarks as part of an isospin doublet, one sees that exchanging the two internal quarks in a baryon causes the wavefunction to become multiplied by
In this equation, L is the angular momentum quantum number, S is the spin, and I is the isospin, with the additional 1 due to the fact that the quarks are in an antisymmetric color singlet. We thus see that for even L the spin and isospin must be equal (S = 0 implies I = 0 and S = 1 implies I = 1), and for odd L they must be the opposite in order to have a totally antisymmetric wavefunction. (Even though the composite baryon is itself a boson in two-color QCD, it is still a multiparticle state of fundamental fermions.) This information is enough to determine the set of hadrons in (III.1).
Four-color fundamental case
Baryons in four-color QCD with fundamental fermions consist of four quarks. In this case, to determine the masses M we use the large-N expansion
where J is the total angular momentum of the baryon, and A, B are constants independent of N [31, 32] . As pointed out by DeGrand [33] and demonstrated by Appelquist et al. [34] , a term independent of N could be used for better agreement. However, we have no way to set the value of that term and thus do not include it. We find the possible values of J beginning with the ground-state baryons of zero orbital angular momentum. Since we still have a isospin doublet of massless, spin-one-half quarks, we only need the group-theory expression
where the 5 S state is fully symmetric, the 3 M states are are symmetric in three of the four quarks and antisymmetric in the other, and the 1 A states are pairwise antisymmetric. Since, again, the quarks are in an antisymmetric color singlet, it must be the case that they are in a symmetric combination of spin and flavor. This means that there is a spin-2 quintet, a spin-1 triplet, and a spin-0 singlet of ground-state baryons. We may also determine the first excited states in this simple manner by realizing that for this four-body problem there are three relevant orbital-angular-momentum quantum numbers and the first excited state corresponds to when exactly one of them is one. In order to still be in a completely antisymmetric state, either the spin or the flavor state must now be in one of the 3 M states while the other must be in a 5 S state. This means that there are a quintet of particles with S = 1 and a triplet of particles with S = 2. Combining these with an orbital angular momentum L = 1 yields three baryonic quintets with J = 0, 1, 2 and three baryonic triplets with J = 1, 2, 3. We did not determine the baryons for any higher excited states.
Four-color antisymmetric case
The hadron spectrum in the four-color theory with two antisymmetric quarks consists of two-quark objects: mesons and diquarks; four-quark objects: tetraquarks, di-mesons, and diquark-mesons; and six-quark baryons [35] [36] [37] . Since the antisymmetric representation is real, the arguments of Ref. [30] carry through here and one may conclude that all two-quark objects with the same quark content have degenerate masses and that the same holds for the four-quark objects. In addition, the four-quark objects have a mass equal to the sum of their constituent two-quark-object masses [35] . Because of this mass degeneracy, we need not determine how all of the four-quark-object degrees of freedom break up into spin and isospin multiplets; rather, we may simply combine the two-quark-object degrees of freedom in every possible way. One major difference from the two-color case, however, is that in the four-color theory with antisymmetric quarks the color-singlet state for diquarks is symmetric. This means that the spin-isospin locking in this theory is the opposite of the locking in the two-color theory. That is, for odd L the spin and isospin must be equal (S = 0 implies I = 0 and S = 1 implies I = 1), and for even L they must be opposite. As for the six-quark baryons, we again use the large-N expression (III.17), but with N replaced by N b = 6, the number of quarks in the baryon. We include only the ground-state baryons, where isospin and spin are locked as I = J = 3, 2, 1, and 0 [35] .
B. Chiral symmetry breaking and the Nambu-Goldstone bosons
The lowest-mass particles in all of the aforementioned theories are precisely zero at zero quark mass. This can be understood in terms of the pattern of chiral symmetry breaking in these theories [38] . Consider an SU(N ) gauge theory with n f massless fermions. For fermions in a complex representation (such as in the cases N ≥ 3 with fundamental fermions), the Lagrangian density possesses the symmetry U(n f ) ⊗ U(n f ), corresponding to the separate left-and right-handed chiral symmetries, and for real representations (such as any N with adjoint fermions or N = 4 with antisymmetric fermions) or pseudoreal representations (such as in N = 2 with fundamental fermions), the Lagrangian density possesses the larger symmetry U(2n f ). In all of these cases, the axial U(1) symmetry is broken by an anomaly, and the remaining symmetries are spontaneously broken in the following ways. For fermions in a complex representation:
(III. 19) for fermions in a real representation:
and for fermions in a pseudoreal representation:
(See Refs. [22, 38] for more details.) The generators of the broken symmetries become massless Nambu-Goldstone bosons. Since SU(n f ) has n 2 f − 1 generators, O(n f ) has n f (n f − 1)/2 generators, and Sp(n f ) has n f (n f + 1)/2 generators, we see that in the three-color, three fundamental-quark case there will be 8 Nambu-Goldstone bosons (a meson octet); in the four-color, two antisymmetric-quark case there will be 9 Nambu-Goldstone bosons (a triplet each of mesons, diquarks, and antidiquarks); and in the two-color, two fundamental-quark case there will be 5 NambuGoldstone bosons (a triplet of mesons, a diquark, and an antidiquark).
In addition, recall that if the quarks in these theories are not precisely massless, then the massless Nambu-Goldstone bosons will become instead small-mass, pseudo-Nambu-Goldstone bosons. In our spectra, we are free to vary the mass of these lightest particles to see what effects this will have on the equation of state of the theories. This is especially interesting for lattice practitioners. We discuss this further in Section V.
IV. MATCHING THE PQCD AND HRG EQUATIONS OF STATE
To match the two asymptotic equations of state, we employ the same technique on the T axis as on the µ axis. As such, let us introduce the symbol F to stand for either T or µ so that we may discuss the matching in full generality.
To perform the matching, we assume that at the phase-transition point the pressures of the two phases are equal; and we use the thermodynamic constraints that the pressure of a system must increase with F P (F + ∆F ) ≥ P (F ), (IV.1) and that above a phase-transition point, the physical phase is the one with the higher pressure. We also add a bag constant B to the pQCD pressure so that
where P 0 pQCD is given by either (II.6)-(II.11) or (II.14). In the plots that follow, we solve the following set of two equations with two unknowns (for a given Λ):
The second of these equations amounts to assuming that the phase transition is of second order. Less restrictive schemes can be implemented as well, such as truncating the HRG and pQCD equations of state far from the transition region and interpolating using the thermodynamic constraint (IV.1) as well as other phenomenological assumptions (see Refs. [39, 40] for examples of this). By varying Λ between πT and 4πT for the case F = T and between µ/2 and 2µ in the case F = µ, (IV.3)-(IV.4) allows us to obtain a region of possible equations of state in the (F, P ) plane for each theory.
V. RESULTS
In Figure 1 , we overlay the bands for the pressure and trace anomaly −3P (with the energy density) at µ = 0 that we calculate in the three-color, three-massless-quark case with lattice data from the Budapest-Marseille-Wuppertal Collaboration [2] and the HotQCD Collaboration [3] in their respective regions of validity. We observe that the lattice data agree reasonably well with the band resulting from our HRG+pQCD calculation, both for the pressure as well as for the trace anomaly.
In Figure 2 , we show the HRG+pQCD pressure and trace-anomaly bands at µ = 0 for all four theories with the T axis scaled by the critical temperature T c , which we define to be the average of the matching temperatures for the upper and lower edge of our pQCD band to the HRG equation of state. T c should thus be regarded as an estimate of the confinement-deconfinement critical temperature. We list the explicit values obtained in HRG+pQCD in Table  I . We see that once the temperature axis has been scaled by T c , all the theories show similar behavior both for the pressure and trace anomaly, a phenomenon that is well-known from pure-gauge theories [41] . The differences at low temperatures are due to the different numbers of Nambu-Goldstone bosons with zero quark mass in the two-color and four-color theories (see Section III B or Appendix A) and the fact that in the real world there are only pseudo-NambuGoldstone bosons. We tested this by increasing the mass of the lightest (now pseudo-) Nambu-Goldstone bosons, which qualitatively changed the shape of the pressure curves until they matched that of the real-world, three-color theory.
In Figure 3 , we show the pressure and trace-anomaly bands at T = 0 for all four theories with the µ axis scaled by the critical chemical potential µ c , again, defined to be the average of the matching chemical potential of the upper and lower edge of our pQCD band to the HRG equation of state. The value of µ c should be regarded as an estimate for the confinement-deconfinement transition, whereas the critical chemical potential for the onset transition would be given by the smallest value of m i /r i , to use the notation of Section III. In the fundamental theories, this value of m i /r i corresponds to the lightest baryon mass. Similar to the µ = 0 case, the µ = 0, T = 0 results show similar trends when scaled appropriately. Again, the different behaviors at low µ/µ c are due to the fact that there are Nambu-Goldstone bosons composed solely of quarks in the two-color fundamental and four-color antisymmetric theories. Again, this was tested by increasing the masses of the lightest particles.
The values of T c / √ σ and µ c / √ σ for our HRG+pQCD calculations are given in Table I . While the results suggests that the T c values for the different theories are within 20 percent of each other, the extracted µ c values span a much broader range.
We stress that in the four-color antisymmetric case with Λ MS / √ σ = 0.723, we were unable to carry out our matching procedure at µ = 0 in the chiral limit. We found that in this case, the HRG pressure rose too sharply and never intersected the pQCD pressure-band. Thus, we have only plotted the Λ MS / √ σ = 0.527 results for the four-color antisymmetric theory in our figures. We feel this is justified for a few reasons. First of all, the values of µ c are equal within uncertainties for the two different values of Λ MS / √ σ. Secondly, in the case where Λ MS / √ σ = 0.723, we were able to carry out our HRG+pQCD matching procedure when we increased the mass of the lightest bosons (the pion mass). By varying the pion mass, we were able to extrapolate to the chiral limit, obtaining a value of µ c / √ σ = 0.3, which agrees with the value found for Λ MS / √ σ = 0.527. In light of this agreement, and in light of how the four-color antisymmetric theory was the only theory where our matching was strained, we conjecture that the true value of Λ MS / √ σ in this case is closer to the pure-glue value than it is in the real-world, three-color case. We point out that this prediction could be tested in future lattice-gauge-theory calculations.
Finally, we have calculated the speed of sound c s at T = 0 in all four QCD-like theories using our HRG+pQCD scheme, shown in Figure 5 . We note that in some cases, c s exceeds the speed of light, and thus these particular matching results from HRG+pQCD should be considered unphysical (a standard constraint when using cold-nuclearmatter equations of state). Nevertheless, our results indicate that it is generally possible to obtain physical equations of state wherein c 2 s > 1/3 for all fundamental QCD-like theories. This finding could be of interest because restricting c 2 s < 1/3 has previously been noted to be in tension with astrophysical observations [42] . Again, we point out that this is a property which could be tested in future lattice-gauge-theory calculations. 
VI. CONCLUSIONS
We have calculated the equation of state at non-zero temperatures and densities in a first-principles approach: by matching physics from the hadron resonance gas at low energies to perturbative QCD at high energies for two-, three-, and four-color 'QCD'. In particular, our work provides predictions for results in future lattice studies at zero temperature and non-zero chemical potential for two-color QCD with two fundamental fermions and four-color QCD with two flavors of fermions in the two-index, antisymmetric representation. While some aspects of our study are systematically improvable, we expect the current HRG+pQCD results to be sufficiently robust that a direct comparison with future lattice-QCD studies in the two-and four-color cases could validate or rule out the HRG+pQCD method, depending on the quantitative agreement. In the case of agreement, one could thus also reasonably expect HRG+pQCD results to be quantitatively accurate in the physically-relevant, three-color-QCD case.
To Table V for remaining particles in this theory.)
TABLE V: The included tetraquarks, di-mesons, and diquark-mesons in the four-color antisymmetric theory. (There is one of each of these particle types for each line in this table.) Here, g Spin and g Isospin are the total spin and isospin degeneracies, respectively. As noted above in Section III, we need not determine how all of the four-quark-object degrees of freedom break up into spin and isospin multiplets because of the mass degeneracy.
